Our previous work on beta spectrum, which has taken into account the finite charge distribution of the nucleus and the screening effect, is extended to the beta ray angular correlation. Formulas are given for the allowed and the first forbidden beta-gamma angular correlations including polarization of the gamma ray, and the second forbidden beta-gamma directional correlation, where we assume the mixed interaction of vector and axial vector types (V A) and the non-conservation of parity in beta decay. Since these formulas for the allowed and the first forbidden transitions have already been given by Morita (M.) and Morita (R. S.) for the case of the point nuclear charge, we only rewrite them in this paper. If we use the effective radii theory again, our final formulas can be expressed in forms similar to the familiar expressions for light nuclei in the usual formulations. The deviations of the coefficients from the usual ones are graphically shown as functions of beta ray energies for z= ±10, ±30, ±50, ±70 and Z= ±90 (for j3'f-decay), and significant deviations are found for heavy nuclei except for the allowed transition. Those are especially significant for the non-unique first forbidden, and the unique first and second forbidden transitions (several ten percents for Z~90). One of the important results is that our theory is again insensitive to the nuclear charge distributions.
Since the discovery of non-conservation of parity in beta decay,I) much experimental data on beta ray angular correlations, which include the measurement of the polarization of both gamma ray and nuclear spin, have been accumulated. As the results, the validity of the two-components theory of neutrind) and the universal Fermi interaction (V-A typeS) are now decisive. 4 ) Furthermore, recent analyses 5 ) and experiments 6 ) show that the interaction Hamiltonian for beta decay is probably invariant under time reversa!,r) and now most of the fundamental features of beta decay can be explained.
On the other hand, there is another important problem, that is, the finiteness of the nuclear charge distribution in a nucleus has very serious effectS) on the pdecay of heavy nuclei especially in forbidden transitions. Many authors have investigated this effect with appropriate assumptions for charge distribution,g) but most of their treatments require very laborious calculations. The accuracy of the result is, however, not so improved as one may expect, because of the uncertainties of the nuclear matrix elements and the associated approximations.
Z. l\,fatumoto
Yamada and the author lO ) have obtained formulas for beta spectrum, which include most of the important corrections in the theory of beta decay synthetically. The corrections are (1) the finite nuclear size effect in a narrow sense,S) (2) the finite de Broglie wave length effect/I) (3) the effect of the decay in the internal region of the nucleus 12 ) and (4) the screening effect of atomic electrons (though their values are not given explicitly). The result is expressed in a very practical form similar to those in Konopinski and Uhlenbeck's low-Z approximations. The errors involved were investigated in detail and for almost all nuclei we can use the formulas within errors of several percent. One of the important characteristics of our theory is that our formulas do not depend explicitly on the nuclear charge distribution.
"-
The aim of this paper is to extend our previous work on beta spectrum to the case of beta-ray angular correlations. In their recent works Kotani and Ross9) treated the finite nuclear size effect in a similar way to ours, and their treatment in their second paper on j3-r angular correlation corresponds to the content of the present paper. Many authors have already derived formulas for the allowed and forbidden transitions,I3),14) but most expressions were given on the assumption that the nucleus can be treated as a point charge and with the associated approximations. We can see that the deviations from these simple formulas become considerably large for heavy nuclei, and, for instance, the coefficient of P2 (cos (}) terms is reduced about 50 percent in the case of Tm 170 as was shown by Dolginov/ 5 ) where {} is the angle between the beta and gamma rays and we took the same magnitudes of the nuclear matrix elements. The present analysis also shows the large deviations from their simplest formulas clearly, especially for the non-unique first forbidden transitions. In § 2 we investigate the asymptotic behaviour of the electron wave funetions at infinity. We find that we can approximately describe the Coulomb phase shifts by those in the case of point nuclear charge, for the effect of the finite nuclear charge distribution of the nucleus to it is very small. In § 3 we obtain formulas for the first forbidden beta transitions, by assuming VA interaction and non-conservation of parity. Formulas for the allowed and the second forbidden transitions are giv;en in the Appendix. We follow the notation and fbrmulation by Yamada and Morita, 13) 'and Morita and Morita 14 ) mainly. All the effects of the finite nuclear size and the screening are included in the particle parameters, bl"2,'s, and special attention is paid to the effect (3). The final formulas are expressed in the familiar forms similar to those for light nuclei of the usual theories (e.g., Ref. 14», and some factors which represent the deviations from it are shown graphically in Figs. 1a-5c for p":f-decay. It will be understood that the errors in the usual approximations, except that of the allowed transition, are quite large for heavy nuclei. Especially for the non-unique first forbidden transition and the unique first and second forbidd~n transitions the deviations amount to a,factor 1/2 or so. One of the interesting featu~~s of our theory is again the insensitivity of the nuclear charge distribution. § 4 is prepared for persons not interested in the derivation of formulas but only in their application. Some concluding remarks are given in § 5. § 2. Asymptotic form of electron wave function at infinity
In the theory of angular correlations, the effect of the finite charge distribution of the nucleus is included in modification of electron wave function inside the nucleus and of Coulomb phase shift of the electron at infinity. The former effect has already been given by Eqs. (13) and (14) of Ref. 10) for arbitrary spherically symmetric charge distribution, and the large differences between the wave functions for the uniform and surface charge distributions and those for the point nuclear charge have been shown graphically in Figs. 3a-6b. Now we have to derive the asymptotic form of elcr· ~ ' -: wave function at infinity, by taking into account the finite nuclear size c'
The wave function outside the nucleus is expressed as a linear combination of tile regular and irregular wave functions; f:
eg (r), g:e g (r), f:r(r) and g~"'(r)
: r<f (1) 
iJ l C = -argrCrk+iaZW/p) +~,,-~rl<+aZW/p.ln2pr, 2 . e+
where Wand p are the energy and momentum of electron in natural unit (fi=c=l, and electron mass is equal to unity), and a is the fine structure constant, Z the atomic number of the daughter nucleus, and rk= (k2_a2Z2) 1/2. k= ilCi is the positive integer.
arg r (r k + iaZW / p) means the argument of complex gamma function. The expression for e i1J1t was already used in the previous paper in the process of the derivation of the asymptotic expansions near the nucleus (Eq. (4) 
These functions correspond to Eq. (5) where ftcin(r) and g"in(r) are the unnormalized inner wave functions of the electron given in Eq. (2) of Ref. 10). Here the expression (7) is the same as that given by Dolginov. 15 ) For the purpose of estimating the deviation of the phase shift (tc from at<, it is convenient to use the following equation, since, as we shall see in § 3, the phase shifts are always included in a form of subtraction between two of them.
The values of H tc for Z = ± 90 (j9=F -decay), W = 5 and k = 1-4 are evaluated in 
3.91
It § 3. Formulas for the first forbidden beta-gamma angular correlations
In the first subsection, we shall rewrite the formulas for the first forbidden beta-gamma angular correlations, taking into account the finite nuclear size effect and the screening effect. In this paper, we mainly follow the notations and ·formu-lations in the previous works by Yamada and the author/OJ Yamada and Morita/ shift at infinity, where the latter effect is shown to be generally negligible that is, "<-(",~a,,,-a"". Thus in the formulas given by (M, M) only particle parameters b<J:l, must be rewritten with careful consideration on the finite nuclear size effect (especially the effect (3) in § 1).
The other important problem is the treatment of the phase shift, which always brings about some difficulties and cumbersome calculations into the theory of angular correlations. For a point nuclear charge, simple expressions in a convenient form are derived with some approximations (e.g., Eqs. (36)~(52) of (M, M», but their validity will be satisfactory only for light nuclei (less than Z'"'-'30 at most). However, it is still a good approximation for the allowed transition. They are, of course, calculable up to the desired accuracy, so we expect an exact estimation to be made.
In the following treatment, we shall show a method, by which the phase shift can be separated into two parts, and our final formulas can be given in a form which is very similar to those by Eqs. (36)-(52) of (M, M). The deviations in coefficients are expressed by several multiplication factors, which are graphically shown in the figures. In the second subsection, further parametrization is performed and then a number of nuclear matrix elements are restricted to a few adjustable parameters Formulas for the allowed and second forbidden transitions are given in the Appendix.
3A. Reformulation of angular correlation function
The complete formulas for the first forbidden transition, including the nonconservation of parity and polarizations of related quantum and nuclei, are given by (M, M) .14) They are expressed by parameters b}~l, defined in Eqs. (3) and (4) of Ref. 17) , which include all radial wave functions and phase shifts of electron.
If we use them, the angular correlation between beta rays and circularly polarized gamma rays was given in Eq. (3) of Ref. 14) as follows:
where () is the angle between beta rays and circularly polarized gamma rays, and j, j1 and j2 are spins of successive nuclear levels for the decay scheme, j ({d) j1 (r) j2.
L means the ranks of the gamma rays. a and a' are equal to 0 ( + 1) for magnetic (electric) radiation, and p is + 1 (-1) for the left (right) circularly polarized gamma rays. W(abcd; ef) and (jlj2mlln2[frn) are the Racah and the ClebschGordan coefficients. If we observe only the directio~s of the beta and gamma rays, only the terms involving P n (cos (j) with even n remain.
Similarly, the beta-ray angular distribution from oriented nuclei is expressed as
where (j is the angle between beta rays and nuclear orientation and m is the magnetic quantum number of j. am is the relative population of the initial magnetic substates. Tl-, correction factor for the first forbidden transition is similarly expressed as: (10) (M, M) also gives the expressions for triple cascade transition.
Here b}~2, given by (M, M) must be rewritten in the following forms, if we take into account the finite nuclear size effects (especially the effect of the decay in the internal region of the nucleus). We here assume only V A interaction among SVT AP, and take the Hamiltonian density given by Eq. (15') of Ref ~ 0), where, if G i is the coupling constant of parity conserving parts, G/ is that of parity non-conserving parts, or vice versa. For 11--decay, 
Here q is momentum of the neutrino, and 
Similarly, the other terms are defined as follows (if we use the notation of (M, M» :
In the derivation of (11)- (21), we have assumed that the strong interaction is invariant under time-reversal, i.e., this means that the nuclear matrix elements 
Here, using Eq. (3), we calculate only cos {7),,-7),,;-(nI2) (IIC'I-Itcl)} in an analytical form. Ck,k' is not so small except for light nuclei, and in fact for Z = 90, C 12 approaches to nl3 for the low energy region. However, this treatment is still now performed for the later purpose. After the calculation, the first functions of Eqs. 
(24)
The multiplication factors are defined as follows: (1 +Ll k +1) {COSCk,k+l-tan (~-k-~k+l +71'/2) SinCk,k+l} matrix elements. They correspond to the ordinary nuclear radius P appearing in the Konopinski-Uhlenbeck low-Z approximation, and depend on k, Z and also the types of the related_nuclear matrix element. The deviations from P will be considerably large (order of ten percent for heavy nuclei). As we here assume the invariance under time reversal for strong interactions, we can treat them as real quantities.
In the above treatment the expressions were given for ~--decay. In order to obtain the corresponding b}~i, for ~+ -decay the following substitution should be per- 12 , where N12 is defined by Eq. (41) of (M, M). This approximation is the "low-Z approximation" , 10) and it is in fact correct for Z~o, but considerably wrong for heavy nuclei.
Here we plot -'/Fk-1(P)/FoC() as function of beta-ray energy, W, in Figs. 1a-c for k=2, 3 and 4, where the values of Ware taken from 1.2 to 5.0 (mc 2 ) and the solid lines corresponds to Z= ±10, ±30, ±50, ±70 and ±90 for ~'f-decay, respectively. We here used the assumption that the radius of nuclear charge distribution is given by p= 1.2A they are equal to unity in all regions, but for heavy nuclei the deviations are considerably significant. As will be seen from (29)-(31), 0" and X depend only on phase shifts of electron wave function at infinite distance (only on Z and W), and are independent of p. Thus they are calculable to a desired accuracy. We will discuss these effects in § 4, after getting some more information. We also give here 0"23 and 0"23 in Figs. 4a-d, which will be needed for the case of the second forbidden transition (seeHhe Appendix). Now, if time reversal invariance is violated in the beta-decay interaction, further terms defined in the second , 0.80 equations of (15)- (21) will appear. They can be easily obtained in a more explicit form with the similar treatment, but the correspondence to (M, M) 's formula is not obvious. Furthermore, following the remarks towards the end of § 2, we must perform more careful estimation for the approximation, (1C-(ICI-:::..a l C -a ICI . As the validity of time reversal invariance is now very reliable by recent experimental information, we will not estimate their 
54'1
magnitude, but rewrite them in simple forms as the following, where we use the explicit forms of the electron wave functions inside the nucleus 
A/(X, Y)=(\9]c(X)I!e(r»*(.('9J(Y)I/c(r»
3B. Fur~~er parametrization of b~nl,
In this subsection, the parameters, b~~" are parametrizerl by using the follow mg parameters, which are independent of Wand (I.
The definitions of Xl (0), u/O) and u'k 2 ) are slightly different from those of the earlier paper (Eq. (29) of Ref. 10», and the parameters for the part which involves the primed coupling constants are 
314 tV Fo ( / I ) .
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(35) 
+~--(qXl;-WXin {(2Y2'(I)-Z2'(I» +Z/(I)* (2Y2(1)-Z2(1»}]}.
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Z. Matu1Jloio
Here it should be noted that Y2 (1) and Z2 (1) are always combined in a form 2Y2 (1) -Z2 (1) , and the same situation holds for Y'2 (1) and Z'2 (1) For (3-ray angular correlation we must consider not only the behavior of wave functions of electron inside the nucleus, but also the Coulomb phase shifts at infinity. The radial wave functions of the electron have already been obtained in Eq. (14) It has been shown for ilCi = 1-4 and for {3=F-decay in Table I, where we assumed the uniform charge distribution of the nucleus. They are generally quite small and in actual cases we can safely use the approximation, (/C~(J"" for the terms remaining when time reversal invariance is valid in beta-interaction. Therefore, if it is the case, our theory is again insensitive to the nuclear charge distributions as far as we treat the nuclear matrix elements as adjustable parameters.
In § 3, we derived the formulas of (3-ray angular correlation for the first forbidden transitions. Using the expressions of Ref. 14), we have given in Eq. (8) the formulas for the angular correlation between the beta rays and circularly polarized gamma rays.
If we observe only their direction the terms involving Pn(cos (j) with even 11 remain.
Similarly, the beta-ray angular distribution from oriented nuclei and the beta spectrum have been given in Eq. (9) and Eq. (10), respectively. When we took into account the finite size of the nucleus (especially the effect (3) in § 1) and the screening, the particle parameters b}~l,'s were expressed in (11) for V A interaction by using combinations of electron wave functions and phase shifts as Eqs. (12) 14) ). The" low-Z approximation" has been required for the reason that one has scarcely been able to make an analytical simplification of the final expressions owing to the difficulty of the exact treatment of the Coulomb phase shift. Thus we have separated the phase shift into two parts; One is. the part which is calculable in analytical forms and another is the remaining one. The latter part is usually less than the former part, but not always so especially for heavy nuclei. By making the simplification of the former part of the phase shift and using the explicit forms of electron wave functions (Eq. (14) of Ref. 10», we could arrange the first equations of (15)- (21) in x) , while the angular independent term, b}~l" changes little.
For the ~+ -decay the situation is less significant, but bCfl, decreases about 80 percent Fig. 5c and large deviations are found. The coefficient of P4(COS (j) term deviates significantly by this factor. Thus, we must not neglect these large deviations, and these quantities are calculable to the desired accuracy. Accurate tables for them are very desirable. Here we must be careful to treat the p-dependerce. If we take these effects into account thoroughly, the error involved in our theory becomes equal to tliat for the case of beta spectrum in our previous paper. 10) In conclusion, we wish to emphasize here again that more careful treatment is needed for the theory of the (3-ray angular correlation, and in addition the difference in the charge distribution of the nucleus is not so effective when we use the nuclear matrix element as adjustable parameters and the time reversal invariance is valid in beta-decay.
For electron-neutrino angular correlation the same conclusion holds in the allowed and :first forbidden transitions.
The author is very grateful to Dr. M. Yamada who suggested me of this problem and gave many helpful discussions and encouragement. The author is also indebted to Drs. M. Morita, R. S. Morita . ~re the plus and minus signs in the right-hand side of hiP corresponds to P' f-· . _ cay, respectively. r n the above expressions, we omitted for brevity the factor I G. , ~ 9J( (Tij) II (r) /2 which might be multiplied in Each b}:'j, , and also the terms which involve the primed parameters.
For the second forbidden transition
In order to include the latter, we have only to add the parameters with the primed coupling constants to those with the non-primed coupling constants. The correction factor of .a-spEctrum for the second forbidden transition IS C 2 (W) = (1/v5)b~~)-(1/V7)bb~).
